The objective is to improve the fatigue characterisation process based on the concept of optimal experimental design. This is carried out through a probabilistic model, previously developed, which takes into account the experimentally observed loading frequency effect on the fatigue life in plain and fibre-reinforced concrete. The Fisher Information Matrix is first obtained for the simplified fatigue model. The optimal design is found to be located at the minimum values allowed for both the maximum stress and stress ratio, whereas the two loading frequencies are the minimum and maximum values in the defined range. Next, the FIM is derived for the extended fatigue model. The previously carried out experimental plan is 65% efficient compared to the optimum. Even though it has been developed for the specific chosen fatigue model, the current procedure can be applied to any other fatigue model to significantly improve the fatigue characterisation process of any material. 
Introduction 1
Fatigue tests are known to be time consuming, and can sometimes be 2 unachievable if not properly designed. The procedure on how to determine 3 the number of tests needed to characterise certain materials is an open issue.
4
In the current work, we make use of the Fisher Information Matrix (FIM) 5 to derive the optimal location of tests to characterise fatigue performance 6 of concrete-related materials under given loading conditions. In particular, 7 the fatigue model based on an initial distribution developed by Saucedo et 8 al. [1] is chosen as an example to carry out the optimal design process. The 9 developed methodology, however, can be applied to any other given fatigue 10 model.
11
Development of high-performance concrete for structures undergoing dy-12 namic and cyclic loading has led to experiments conducted to study the conditions, such as the minimum stress, σ min , the maximum stress, σ max , 16 the loading frequency, f , or the material properties; for example the static 17 material strength, σ c , (compressive or tensile). In the case of concrete, it 18 has been detected that the influence of the stress ratio, R (σ min divided by 19 σ max ), the loading frequency, f , and the stress level, σ max /σ c , is quite relevant 20 [7, 15, 20, 19] .
21
Although the influence of loading frequency has been observed as early as We aim to explore the procedure to calibrate the model parameters based on 36 the concept of optimal experimental design herein. to best estimate the model parameters under given loading conditions.
57
The rest of this paper is organised as follows. The concept of optimal 58 experimental design is presented next. Applications to the simplified and 59 complete fatigue model are developed in Section 3 and Section 4, respectively.
60
Relevant conclusions are drawn in Section 5. 
Optimal experimental design

62
Let x be the vector of covariates, say an experimental condition (loading 63 frequency, maximum stress and stress ratio for a fatigue test), which can 64 be chosen from a compact design space, χ; typically a product of intervals.
65
For a value of x, a response variable time-to-event, t, (equivalently, the fa-66 tigue life, N ), is observed. This is considered as a random variable from a 67 parametric family of distributions, indexed by β, a vector of parameters. An 68 exact design of size n is defined by a collection of experimental conditions 69 x 1 , x 2 , . . . , x n in χ, where some of these may be repeated. Thus, a probability 70 measure can be defined with support on the distinct points of the design with 71 weights proportional to the number of repetitions (replicates). This leads to 72 an extension of this definition to any probability measure, ξ, the so called 73 approximate design [26] , which will be used in this work. An exact design of 74 a particular size, say n, is what one can only put in practice using just n ex-75 periments. Extending the concept to any probability measure (approximate 76 design) means a kind of abstraction of the real world. This is made because 77 the concept allows a mathematical result, which proves very useful to com-78 pute optimal designs. As a matter of fact, computing optimal exact designs 79 is rather difficult and frequently convergence of the typical algorithms can 80 not be proved. The main drawback is that once the optimal approximate 81 design is computed, an exact design has to be obtained using some round-82 ing procedure. For instance, for a discrete measure, ξ, the experimenter has 83 to perform "approximately" n i ≈ nξ(x i ) experiments at x i , in such a way 84 i n i = n. Imhof et al. [30] provided some examples to show that if the 85 sample size is large, any rounding procedure leads to a quite efficient exact 86 design. Otherwise, if n is small, then the impact of the rounding may be 87 quite important. Hereafter n will be the total number of experiments to be 88 performed, while k will be the distinct experimental conditions, some of them 89 replicated. An approximate design with k different points in its support will 90 be frequently called a k-point design.
91
The Fisher information is a way of measuring the amount of information 
where LL(β; t, x) is the log-likelihood function of the observation t for a par-96 ticular experiment x, I(β; x) is the corresponding Fisher Information Matrix,
97
which is the expected value of the negative second derivative of LL(β; t, x).
98
In particular, it is well known that restricting to approximate designs with 99 finite support still preserves the whole space of information matrices. This is 100 a consequence of the application of Carathéodory's theorem. Thus, we may 101 limit ourselves to this type of design.
102
Since the covariance matrix (or dispersion matrix) of the estimators is interpretation of this criterion is that it minimises the volume of the confi-
where the parameters σ min 0 (location), λ (scale) and K (shape) are properties
141
of the material and have to be estimated through static compressive tests.
142
On the other hand, three limit conditions must be fulfilled for a fatigue test,
The first limit condition reflects the fact that when the stress level reaches the 144 fatigue endurance limit, σ min 0 , an infinite number of cycles can be resisted 145 without causing any damage to the material. The second limit condition
146
states that, if the stress ratio, R, approaches one, the loading condition is 147 actually static. Consequently, the material fails at its static strength, σ f 0 .
148
In the same way, the third limit condition emphasises that, if the fatigue 149 life N is equal to one, the employed maximum stress level is necessarily the 150 material's static strength, σ f 0 . If any of these three conditions is not satisfied 151 for a fatigue model, the implication is that that model will not reflect physical 152 reality at asymptotic conditions.
153
The following expression was proposed to relate the equivalent static 154 strength of the fatigue load with the number of cycles resisted, N ,
where the effect of the loading frequency, f , has been taken into considera-156 tion.
157
According to the FIB Code [28], the dynamic stress σ max can be related 158 to its static counterpart by the equation,
where 0.014 is the dynamic hardening coefficient,σ 0 is the stress rate at which static characterisation tests were carried out, whereas
Here ∆σ is the stress range, i.e., σ max − σ min = (1 − R)σ max .
160
By defining the non-dimensional maximum stress, S mx , and endurance limit, S m0 , as follows
and defining two intermediate variables A and B as
the cumulative distribution function of N can be rewritten as
Thus, once the parameters of the Weibull distribution in Eq. (3) are esti-163 mated, the distribution of N for a given test condition (where σ max , R and 164 f are specified), depends on the two parameters b and c, which are to be 165 estimated.
166
The likelihood and log-likelihood functions for specific values of the pa-167 rameter set, (f, σ max , R), and fatigue life, N , are respectively
and the first element of the FIM, I(b, c; f, σ max , R), is
where E stands for the mathematical expectation according to the probability distribution of the data; that is, the integral of the quantity multiplied by the density function (or the likelihood function); and as I ij . In addition, by defining X(f ) = log(1 + f ), the remaining components 174 are written as follows
Therefore the FIM I(b, c; f, σ max , R) = φ · φ T , where
which is the FIM of a linear model with these regressors. If the D-optimal design has two points, then their weights must be equal, as stated in the Introduction. We will consider a 2-point approximate design of this type, 
Since I 11 is non-increasing with respect to both σ max and R, the best of 177 these designs will be supported at the smallest possible values of them. It
178
remains for the function to be maximised solely for the variable f .
179
For demonstration purposes, we apply the optimal design procedure to 
The sensitivity function Eq. (2) is used to check whether these designs 189 are actually D-optimal or not. In Fig. 1 In order to check dependency on the choice of the nominal parameters, a robustness analysis is carried out. Suppose that the values of the real parameters are (b t , c t ). The FIM of the corresponding optimal design, ξ measured by
For all values of b and c ranging between 50% and 150% of their initial values,
196
the efficiency, in all the three cases, surpasses 99%. Since, in the experimental design, both the maximum stress, σ max , and 198 the stress ratio, R, are fixed, as can be seen from Table 1 , we apply these 
where the exponent was fitted for frequencies below 10 Hz. The difference between the above equation and Eq. (5) lies in the fact that the hardening coefficient is explicitly dependent on the loading frequency. As a result, a new model parameter, γ, is added. Plugging Eq. (17) into Eq. (3) to determine the cumulative distribution function, which we term as the complete fatigue model, we obtain In the previous section it was shown that the minimum values of σ max
217
and R had to be included in the support of the D-optimal design. For this 218 reason, we expect the same will happen here again. So we will concentrate 219 on the design for the loading frequency, f .
220
The log-likelihood function for a specific value of f is
after differentiating LL twice, we have
and X(f ) = log(1 + f ) as before, the elements of the FIM are the following 223 expected values
Again E stands for the mathematical expectation; that is the integral of the quantity multiplied by the density function, or likewise the likelihood function. Typical integration methods were used to find these expressions. Consequently, the FIM at a particular value of f can be expressed as
For an approximate design with k points in its support,
As mentioned before, we concentrate on designing for loading frequency.
226
In order to compare with the experimental design presented in [1] , the same 227 values for σ max and R are adopted as minimal values in our design. The
228
nominal values assumed for the fatigue tests are listed in Table 2 .
229
After some computations, the designs maximising the determinants of the The sensitivity function is used to check whether these designs are actually D-optimal or not. Figure 3 shows that this function attains the maximum at the two points of the designs for the three concretes, C2, CF1 and CF2. As mentioned above, since the model is nonlinear, the optimal design will depend on the nominal values of the parameters. A sensitivity analysis versus an alternative choice of the parameters is now performed. For this, different possible true values of the parameters, θ t = (b t , c t , γ t ), around the nominal values will be checked. As a first step, the optimal design for those possible true values is computed, say ξ * t . Then the efficiency of the designs (18), (19) and (20), obtained for the nominal values, will be computed using the FIM built with θ t ; namely the values of γ t are chosen to preserve the positiveness of A. This is the 238 reason why less variation is considered for the parameter γ t .
239
The experimental design used in [1] to estimate the parameters was In the following design, we fix σ max and R as given in Table 2 
Consequently, the efficiencies of the experimental design carried out in [1] stress ratio and loading frequency ranges and a D-optimal design is obtained.
260
The previously carried out experimental designs is shown to be 87% and 65% 
